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Abstract
We design a variational quantum algorithm (VQA) to solve multi-dimensional Poisson equations
with mixed boundary conditions that are typically required in various fields of computational
science. Employing an objective function that is formulated with the concept of the minimal
potential energy, we not only present in-depth discussion on the cost-efficient & noise-robust
design of quantum circuits that are essential for evaluation of the objective function, but, more
remarkably, employ the proposed algorithm to calculate bias-dependent spatial distributions of
electric fields in semiconductor systems that are described with a two-dimensional domain and up
to 10-qubit circuits. Extending the application scope to multi-dimensional problems with mixed
boundary conditions for the first time, fairly solid computational results of this work clearly
demonstrate the potential of VQAs to tackle Poisson equations derived from physically meaningful
problems.

1. Introduction

The Poisson equation is a second-order partial differential equation that plays a significant role in analyzing
physical phenomena in various fields of computational science such as fluid dynamics [1, 2],
nanoelectronics [3–6], computational electromagnetics [7, 8]. In general, it is not easy to determine the
solution of a Poisson equation analytically, so computer-based calculations are commonly employed with
aids of numerical analysis, by transforming the master problem into a linear system problem Av= b where v
represents the solution of a Poisson system matrix A given by a right-hand-side (RHS) b [9]. Consequently,
the computational expense of a Poisson equation problem directly depends on the degrees of freedom
(DOFs) of the system matrix that would generally become larger if we need to increase the accuracy of
numerical solutions or to handle larger domains in a real space. Recently, quantum computing has obtained
huge attention due to the potential of solving some computational problems more efficiently than its classical
counterpart by leveraging quantum phenomena [10–15], and, in particular, Harrow et al proposed the
Harrow–Hassidim–Lloyd (HHL) algorithm that can achieve exponential speed-up relative to classical
algorithms for solving linear system problems [14]. Yudong et al demonstrated that approximate solutions of
Poisson equations can be obtained based on the HHL algorithm [16], but its effectiveness in terms of
computing cost hinges on fault-tolerant quantum computing that is not tangible yet.

It is fair to say that the current status of quantum computing is in the noisy intermediate-scale
quantum (NISQ) era [17], where computing devices are subject to substantial noises and thus are limited in
the number of quantum bits (qubits). Variational quantum algorithms (VQAs) [18], which are executable in
NISQ devices through a hybrid utilization of quantum and classical computing, have led to significant efforts
to explore their utility in diverse numerical applications such as determination of low-lying eigenpairs of
symmetric matrices [19] and solutions of linear systems [20], combinatorial optimization [21], and so on.
VQAs dedicated to the Poisson equation have been also reported, showing their capability for securing
solutions of simple one-dimensional problems [22, 23]. Unlike the HHL algorithm, which requires a large
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number of qubits to achieve high precision and involves deep circuits with complex gate structures, leading
to significant noise in NISQ devices, VQAs provide a more feasible approach for near-term quantum devices
due to their lower circuit depth and robustness to noise. Building upon the works of [22, 23], subsequent
studies have been conducted [24–27], proposing further improvements and analyses, where simulations were
also performed on simple one-dimensional problems, as in the works of [22, 23]. For d-dimensional Poisson
equations, previous works have either briefly mentioned the possibility of extending their methods to higher
dimensions [22–25] or considered only the case where Dirichlet boundary conditions are imposed on all
boundaries [26, 27]. Rigorous studies on their utility for the Poisson equation, however, are still necessary
since physically meaningful problems are typically represented with multi-dimensional domains and mixed
boundary conditions, which have been discussed in the context of computational modeling and physical
applications [2, 3, 6]. A comprehensive investigation is therefore needed to examine the effectiveness of
VQAs for predicting physical phenomena with Poisson equations.

So in this work, we design a VQA that can be useful to calculate multi-dimensional problems of
inhomogeneous boundaries with a Poisson equation. To achieve both cost-efficiency and noise-robustness of
the algorithm, we adopt the cost function introduced by Sato et al [23] and the circuit design proposed by
Liu et al [22]. In more detail, we employ the cost function derived upon the concept of the minimal potential
energy by Sato et al that is much simpler than the one employed by Liu et al for evaluation of the cost
function, however, Sato et al utilize quantum circuits involving multi-controlled X logics that are not quite
affordable in the NISQ regime, so here we design evaluation circuits with only one- & two-qubit gates as Liu
et al have done. While a comparative analysis of different cost functions and circuit decomposition methods
was previously conducted for the one-dimensional case [24], our work extends this discussion to
multi-dimensional Poisson equations, specifically in circuit design. The algorithm designed in this work can
evaluate the cost function with circuits of polynomial complexities, and, more remarkably, the number of
circuits required to get the cost function is independent of the dimensionality of target problems, which has
not been explicitly discussed in previous studies.

Finally, the practicality of our algorithm is carefully examined with two-dimensional problems including
the calculation of potential energy distributions in a silicon-based structure that are manipulated by
electrical biases imposed on multiple electrodes. While previous studies primarily focused on simple
one-dimensional problems [22–27], our work demonstrates the applicability of VQA to a physically
meaningful problem. All the numerical simulations are conducted with the PENNYLANE software
development kit [28] to emulate a gate-based quantum computer, and the optimizer based on L-BFGS-B
algorithm [29] is used to classically update ansatz parameters. Overall results of this work clearly indicate
that multi-dimensional Poisson equations of mixed boundary conditions can be solved with fairly sound
performance, revealing the advantage of the proposed algorithm over previous VQA-based approaches in
terms of noise-robustness and compatibility with NISQ devices.

2. Methods

2.1. The cost function employed to solve Poisson equations
Let us consider the d-dimensional Poisson equation

−∆u(x) = f(x) , x ∈ (0,1)d , (1)

where∆ is the Laplace operator and f is a given smooth function [30]. Equation (1) can be then numerically
transformed into a linear system problem

Av= b, (2)

where A is amd ×md system matrix describing the computational domain, b is amd × 1 vector that
represents a perturbation given by the function f, andm is a number of grids employed for discretization of
the domain along each axis. The solution v of a linear system problem in equation (2) then becomes the
approximate solution of the Poisson equation. When a d-dimensional computational domain is discretized
with a finite difference method [9], the Poisson system matrix A becomes

A= A1 ⊗ I(m) ⊗ ·· ·⊗ I(m) + I(m) ⊗A2 ⊗ I(m) ⊗ ·· ·⊗ I(m)

+ · · ·+ I(m) ⊗ ·· ·⊗ I(m) ⊗Ad, (3)

where I(m) is am×m identity matrix and Ai is am×mmatrix representing the one-dimensional Poisson
equation of the ith axis. The one-dimensional Poisson matrix Ai depends on the boundary condition, so, for
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example, it is given by

AD ≡



2 −1 0 · · · 0 0 0
−1 2 −1 · · · 0 0 0
0 −1 2 · · · 0 0 0

...
. . .

...
0 0 0 · · · 2 −1 0
0 0 0 · · · −1 2 −1
0 0 0 · · · 0 −1 2


∈ Rm×m (4)

with Dirichlet (closed) boundaries, and

AN ≡



1 −1 0 · · · 0 0 0
−1 2 −1 · · · 0 0 0
0 −1 2 · · · 0 0 0

...
. . .

...
0 0 0 · · · 2 −1 0
0 0 0 · · · −1 2 −1
0 0 0 · · · 0 −1 1


∈ Rm×m (5)

with Neumann (zero-derivative) boundaries. Then, a Poisson system matrix AND that describes a
two-dimensional domain having Neumann and Dirichlet boundaries along the x1- and the x2-axis,
respectively, can be expressed as

AND = AN ⊗ I(m) + I(m) ⊗AD. (6)

Since the Poisson matrix is always positive-definite, the linear system problem associated with Poisson
equations can become an optimization problem. In more detail, for a positive-definite matrix A, the
condition Av0 = b is satisfied if and only if gA,b(v) is minimized at v = v0, where gA,b(v) is defined as

gA,b (v)≡
1

2
v†Av− 1

2
b†v− 1

2
v†b, (7)

and, based on equation (7), Sato et al [23] introduced the cost function for VQA as

E(θ)≡−1

2

(Re⟨b|ψ (θ)⟩)2

⟨ψ (θ)|A|ψ (θ)⟩
, (8)

where |b⟩= b/||b||, |ψ(θ)⟩ is a parameterized ansatz state, and Re⟨b|ψ(θ)⟩ is the real part of ⟨b|ψ(θ)⟩. We
use VQA to find the set of optimal parameters θopt that minimizes the cost function E(θ), and get a
normalized solution |ψ(θopt)⟩ if the optimization process is successful. Once |ψ(θopt)⟩ is known, its norm
can be approximated with |r(θopt)|||b|| where r(θopt) is given as

r
(
θopt

)
=

Re
〈
b
∣∣ψ (θopt

)〉
⟨ψ
(
θopt

)
|A|ψ

(
θopt

)
⟩
. (9)

If parameterized quantum gates in the ansatz circuit consist of only single-qubit rotations (RX, RY, RZ),
the partial derivative of the cost function with respect to the ith parameter of θ, which is required by
optimizations based on the L-BFGS-B algorithm [29], can be calculated as

∂E(θ)

∂θi
=−1

2

Re⟨b|ψ (θ)⟩Re⟨b|ψ (θ+πi)⟩
⟨ψ (θ)|A|ψ (θ)⟩

+
1

2

(Re⟨b|ψ (θ)⟩)2 ⟨ψ (θ) ,ψ (θ+πi)|X⊗A|ψ (θ) ,ψ (θ+πi)⟩
⟨ψ (θ)|A|ψ (θ)⟩2

, (10)

where θ+πi indicates adding π to the ith parameter of θ, and |ψ(θ),ψ(θ+πi)⟩= (|0⟩⊗ |ψ(θ)⟩
+|1⟩⊗ |ψ(θ+πi)⟩)/

√
2 (|0⟩ and |1⟩ are single-qubit states).

3
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Figure 1. Quantum circuits for the case of (d= 2, n= 4) (I): (a) the circuit employed to generate an ansatz state |ψdn(θ)⟩. The
unitary operator Uψdn

(θ), which satisfies Uψdn
(θ)|0⟩⊗dn = |ψdn(θ)⟩, is composed of RY gates and CZ gates, ensuring that the

ansatz state |ψdn(θ)⟩ is a real-valued vector. Applying the quantum circuits in the red dotted line p times introduces
dn+ 2p(dn− 1) parameters. (b) The circuit used to evaluate the numerator (Re⟨b|ψdn(θ)⟩)2 of the cost function E(θ). With the
unitary operator Ub, the condition of Ub|0⟩⊗dn = |b⟩ is satisfied. (c) The circuit representing |ψdn(θ),ψdn(θ+πi)⟩, which plays
a key role in calculating the partial derivatives of E(θ). The circuit is designed using the relation RY(π)RY(θi) = RY(θi +π) and
an additional Hadamard gate (H).

2.2. Estimation of the cost function and its partial derivatives with quantum circuits
Let’s say each one-dimensional Poisson matrix in equation (3) is described with n qubits, i.e.m= 2n, and we
are handling a d-dimensional Poisson equation. The first step for estimation of the cost function E(θ) is to
secure the ansatz circuit. As the solution of a Poisson equation consists of real values, here we employ a
hardware-efficient ansatz circuit as shown in figure 1(a), which always produces a real-valued state vector
|ψdn(θ)⟩, being composed of RY and CZ gates. In figure 1(b), we show a quantum circuit that is used to
evaluate the numerator of E(θ). Given that |ψdn(θ)⟩ and |b⟩ are real-valued vectors, the numerator can be
calculated as

(Re⟨b|ψdn (θ)⟩)2 = ⟨0|U†
bUψdn (θ) |0⟩2, (11)

where |0⟩= |0⟩⊗dn, and unitary operators Uψdn(θ) and Ub satisfy conditions of Uψdn(θ)|0⟩= |ψdn(θ)⟩ and
Ub|0⟩= |b⟩, respectively. In addition, the numerator of the partial derivative of E(θ) with respect to θi
(equation (10)) can be also easily computed, because Re⟨b|ψdn(θ)⟩Re⟨b|ψdn(θ+πi)⟩ is equivalent to

2((⟨+| ⊗ ⟨b|) |ψdn (θ) ,ψdn (θ+πi)⟩)2

−1

2
⟨b|ψdn (θ)⟩2 −

1

2
⟨b|ψdn (θ+πi)⟩2 , (12)

where |+⟩= (|0⟩+ |1⟩)/
√
2, and the state |ψdn(θ),ψdn(θ+πi)⟩ can be evaluated using a circuit shown in

figure 1(c) that is obtained by adding an ancilla qubit to the ansatz (figure 1(a)) with a controlled RY(π)
logic right after the RY(θi) gate.

The value of ⟨ψdn(θ)|A|ψdn(θ)⟩, which serves as the denominator of the cost function and its partial
derivatives, can be estimated by decomposing the Poisson matrix A into operators that can be efficiently
implemented with quantum circuits. We first review the decomposition method used by Liu et al [22] for the
matrix AD of the one-dimensional Poisson equation with Dirichlet boundaries, which is represented by

AD = 2I(2)q0 ⊗ ·· ·⊗ I(2)qn−1

−
n∑

k=1

I(2)q0 ⊗ ·· ·⊗ I(2)qn−1−k
⊗
(
O+
qn,k

+O−
qn,k

)
, (13)

where qj represents the jth qubit (0⩽ j ⩽ n− 1), qr,s = qr−s · · ·qr−1 (1⩽ s⩽ r), O+
qn,k

≡ |01 · · ·1⟩qn,k⟨10 · · ·0|,
and O−

qn,k
≡ |10 · · ·0⟩qn,k⟨01 · · ·1|. Since O

+
qn,k

and O−
qn,k

are not unitary operators, Liu et al employed an

ancilla qubit to estimate the values of ⟨ψn(θ)|O+
qn,k

|ψn(θ)⟩ and ⟨ψn(θ)|O−
qn,k

|ψn(θ)⟩ (note that here
I(2)q0 ⊗ ·· ·⊗ I(2)qn−1−k is omitted, and |ψn(θ)⟩ is the normalized solution of the one-dimensional Poisson
equation).

4
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The evaluation of ⟨ψn(θ)|AD|ψn(θ)⟩, however, can be done more efficiently with no ancilla qubits as
⟨ψn(θ)|O+

qn,k
|ψn(θ)⟩ and ⟨ψn(θ)|O−

qn,k
|ψn(θ)⟩ do not necessarily have to be obtained separately. Let us define

|ϕt
k⟩qn,k as follows,

|ϕt
k⟩qn,k =

1√
2

(
|01 · · ·1⟩qn,k +(−1)t |10 · · ·0⟩qn,k

)
(14)

for t ∈ {0,1}. Then we have

⟨ψ (θ)|
(
O+
qn,k

+O−
qn,k

)
|ψ (θ)⟩= ⟨ψ (θ)|

(
|ϕ0k⟩qn,k⟨ϕ

0
k| − |ϕ1k⟩qn,k⟨ϕ

1
k|
)
|ψ (θ)⟩, (15)

where I(2)q0 ⊗ ·· ·⊗ I(2)qn−1−k is omitted. Let us also define Vqn,k as

Vqn,k ≡

(
k−1∏
i=1

CNOTqn−i−1,qn−i

)
Hqn−k , (16)

where H represents the Hadamard operator, and CNOTqα,qβ is the controlled-X (CNOT) operator with a
control qubit qα and a target qubit qβ . Then we have

|ϕt
k⟩qn,k = Vqn,k |t10 · · ·0⟩qn,k , (17)

and thus we can construct the measurement circuit to directly evaluate ⟨ψn(θ)|(O+
qn,k

+O−
qn,k

)|ψn(θ)⟩. Note
that here we need a total of n quantum circuits to get the value of ⟨ψn(θ)|AD|ψn(θ)⟩ as it can be computed
with n terms except for the one consisting of identity operators, as shown in equation (13).

The one-dimensional Poisson matrix with Neumann boundaries, AN, satisfies

AN = AD − e1e
†
1 − eme

†
m, (18)

where e1 and em are |0 · · ·0⟩qn,n and |1 · · ·1⟩qn,n , respectively. Since we can estimate the value of

⟨ψn(θ)|(e1e†1 + eme†m)|ψn(θ)⟩ by measuring |ψn(θ)⟩ in the computational basis, the evaluation of
⟨ψn(θ)|AN|ψn(θ)⟩ requires one more quantum circuit than the case of Dirichlet boundaries. With a periodic
boundary condition, the system matrix Ap for the one-dimensional Poisson equation is written as

Ap = AD − e1e
†
m − eme

†
1, (19)

and the value of ⟨ψn(θ)|(e1e†m + eme
†
1)|ψn(θ)⟩ here can be obtained with the circuit that is utilized to evaluate

⟨ψn(θ)|O+
qn,n

+O−
qn,n

|ψn(θ)⟩. Hence, ⟨ψn(θ)|Ap|ψn(θ)⟩ can be calculated with n quantum circuits.

We now examine the Poisson matrix of a d-dimensional domain. If the domain has only Dirichlet
boundaries, all the matrices {Ai} in equation (3) become AD. Since A has a total of d× n= dn terms except
the one consisting of identity operators, as shown in equation (3), ⟨ψdn(θ)|A|ψdn(θ)⟩ can be evaluated with
dn quantum circuits if each term is described with one circuit. But, we can still estimate ⟨ψdn(θ)|A|ψdn(θ)⟩
with n quantum circuits since one-dimensional matrices {Ai} for different axes are applied to different qubit
groups in one circuit. For example, if we consider a two-dimensional Poisson matrix
ADD = I(m) ⊗AD +AD ⊗ I(m) and define Vk as

Vk ≡ Vqn,k ⊗Vq2n,k (0⩽ k⩽ n− 1) , (20)

the values of ⟨ψ2n(θ)|(O+
qn,k

+O−
qn,k

)|ψ2n(θ)⟩ and ⟨ψ2n(θ)|(O+
q2n,k

+O−
q2n,k

)|ψ2n(θ)⟩ can be obtained with a

single circuit, by applying the unitary operator V†
k to the ansatz state |ψ2n(θ)⟩ as shown in figure 2.

Therefore, the number of quantum circuits required to estimate the value of ⟨ψ2n(θ)|ADD|ψ2n(θ)⟩ only
depends on the number of decomposition terms for AD.

The expectation value of a Poisson matrix can be obtained similarly when the domain has mixed
boundary conditions. Let us consider a two-dimensional domain that has Neumann and Dirichlet
boundaries along the x1- and the x2-axis, respectively. The corresponding Poisson matrix
AND = AN ⊗ I(m) + I(m) ⊗AD, and AND can be written as

AND = I(m) ⊗AD +AD ⊗ I(m) −
(
e1e

†
1 + eme

†
m

)
⊗ I(m). (21)

So, compared to the case of ADD, we need one more circuit to estimate the value of
⟨ψ2n(θ)|(e1e†1 + eme†m)⊗ I(m)|ψ2n(θ)⟩, which can be done by measuring qubits associated to the x1-axis in
the computational basis.

5
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Figure 2. Quantum circuits for the case of (d= 2, n= 4) (II): the circuits used to evaluate the denominator
⟨ψ2n(θ)|ADD|ψ2n(θ)⟩ of the cost function E(θ). For each k ∈ {1,2, . . . ,n}, ⟨ψ2n(θ)|(O+

qn,k
+O−

qn,k
)|ψ2n(θ)⟩ and

⟨ψ2n(θ)|(O+
q2n,k

+O−
q2n,k

)|ψ2n(θ)⟩ can be evaluated with a single 2n-qubit circuit by applying the unitary V†
k , so the number of

circuits required to compute the denominator is independent of the dimension of the Poisson equation (d). cj in subfigures
indicates the outcome obtained by measuring the jth qubit (qj), and cr,s = cr−s · · · cr−1 for 1 ⩽ s ⩽ r.

3. Results and discussion

3.1. Experiments with two-dimensional Poisson equations
In VQAs, classical and quantum computing are utilized in a hybrid mode, so the cost function is evaluated
with the ansatz state in a quantum computer as discussed in the section 2, and the set of ansatz parameters
are classically updated in an iterative manner. Here we mimic a gate-based quantum compute with the
PENNYLANE software development kit [28], which is a powerful and versatile quantum computing
simulator, and update ansatz parameters with the well-known L-BFGS-B algorithm [29] that can handle
parameter spaces with memory-efficiency. To examine the functionality of our algorithm, we first employ a
two-dimensional domain that is discretized withm×m grids. Taking two cases of boundary conditions into
account, we describe the computational domain with a system matrix ADD and AND. For the RHS vector, we
consider b= |γ⟩⊗ |γ⟩ that represents a step function, where |γ⟩= [1,1, . . . ,1,−1,−1, . . . ,−1]/

√
m. We

note thatm= 2n, and d = 2 in this case.
The vector b can be obtained with single-qubit unitaries in a 2n-qubit quantum circuit as follows,

b=
(
Zq0 ⊗Zqn

)
H⊗2n|0⟩⊗2n, (22)

where Z represents the Pauli-Z gate. To evaluate the similarity between the VQA-driven solution |ψ⟩ and the
normalized exact solution |u⟩ of the linear system problem, we compute their fidelity F= | ⟨ψ|u⟩ |. Because a
L2 norm of the solution vector contains important information in many problems, it is crucial to examine if
the VQA can provide a sufficiently accurate norm. The accuracy of the norm obtained with our VQA is
assessed with its relative error against the precise value that can be calculated as∣∣∣∣∣ ||A−1b|| − |r

(
θopt

)
|||b||

||A−1b||

∣∣∣∣∣ , (23)

where the Poisson matrix A becomes either ADD or AND in this case-study.
In figure 3, we show the solutions that are obtained with VQA in an ideal condition where circuit

operations are not affected by noises and sample errors. Numerical simulations are conducted for a
two-dimensional domain described with 16× 16 grids (n= 4). The ansatz circuit shown in figure 1(a) is
constructed by repeating the part enclosed with a red dotted line three times (let us say this number of
repetition= p), and the initial set of ansatz parameters (θopt) are determined randomly. In both cases of
boundary conditions, the VQA-driven solutions are quite accurate so their fidelities become larger than
0.9999 and corresponding relative errors of L2 norms are about 0.0007. Results here clearly highlight the
reliability of our VQA for securing solutions of multi-dimensional Poisson equations with mixed boundary
conditions in an ideal condition, establishing a solid foundation for moving forward to a bit more
complicated and realistic problems.

6
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Figure 3. Simulation results of the two-dimensional problem with a step function RHS: (a) the exact solution (left) and the
VQA-driven solution when the domain has only Dirichlet boundaries (the system matrix= ADD), (b) The exact solution (left)
and the VQA-driven solution when the domain has Neumann and Dirichlet boundaries (the system matrix= AND). The domain
is discretized with 16× 16 grids so n= 4 and d= 2, and simulations are conducted without consideration of noise or sampling
errors. For both cases, VQA-driven results show high fidelities (>0.9999) with low norm errors (≃0.0007).

Figure 4. The problem of finding potential distributions in a simple semiconductor system: (a) illustration of the
two-dimensional simulation domain. The system is based on silicon material that has a constant space charge density
(NspaceQ) = 1.18× 1016 cm−3. Being discretized with 1 nm× 1 nm rectangular grids, the domain has three electrodes on the top
and one electrode on the bottom. Here, Lx1 and Lx2 represent the lengths of the domain along the x1 and x2 axes, respectively.
Lengths of the top leads (LS, LG, LD) satisfy the condition of 2LS = 3LG = 2LD. Numerical simulations are conducted with VG =
(0.1 V, 0.3 V, 0.5 V), while all the other leads are assumed to be grounded (VS = VD = VB = 0). Electric fields at boundaries along
the x1-axis are assumed to be zero. (b) A quantum circuit, which can evaluate the numerator of the cost function based on the
equation (27), is shown when n= 4 where the quantum gate applied at the final stage is RY(−2η). We note that changing n
affects only the part enclosed with a blue solid line, where the number of associated gates is linearly proportional to n.

3.2. Calculation of potential distributions in a semiconductor system having multiple electrodes
One of computational tasks that requires the Poisson equation is to predict the spatial distribution of electric
fields under a given profile of charge densities. In particular, engineering of semiconductor devices involves
rigorous evaluation of electric fields since they not only determine current–voltage characteristics of
traditional devices like field-effect transistors [31, 32] and junction-based diodes [33, 34], but significantly
affect confinement of carriers in devices of a nanometer(nm)-scale like nanowire transistors [35, 36] and
quantum dot structures designed for optoelectronic devices [37, 38] or quantum processing units [5, 6].
Upon what have been discussed so far, here we apply our VQA to calculations of bias-dependent potential
distributions in a simple semiconductor system that has multiple contacts. Figure 4(a) illustrates the problem
we target to solve, where we define a two-dimensional domain of silicon with a space charge density of
1.18× 1016 cm−3. Being discretized with 1 nm× 1 nm rectangular grids, the system has four electrodes such
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Figure 5. Bias-dependent potential distributions: (a) exact solutions (top) and VQA-driven solutions (bottom) that are obtained
in an ideal condition for a 16nm× 16nm domain (n= 4) with 5 repeated blocks of the ansatz circuit (p= 5) given in figure 1(a).
Results show fidelities exceeding 0.999 with L2 norm errors<0.009 regardless of VG. (b) Results obtained in an ideal condition for
a 32nm× 32nm domain (n= 5) with 6 repeated blocks of the ansatz circuit (p= 6). VQA-driven solutions still have high
fidelities>0.997 with norm errors lower than 0.05.

that three of them are on top with lengths of (LS, LG, LD), and the remaining one is placed on bottom with a
length that is same as the dimension of the domain along the x1-axis. The lengths of three top electrodes
satisfy the condition of 2LS = 3LG = 2LD, and the bias imposed on the middle electrode on top (VG) is varied
from 0.1 V to 0.5 V with a step of 0.2 V, while other three electrodes are grounded (i.e. a zero voltage is
applied). The potential distribution is assumed to be flat (i.e. a zero electric field) at boundaries along the
x1-axis.

Clearly, the two-dimensional Poisson matrix in this case becomes AND since we assume Neumann and
Dirichlet boundaries along the x1- and the x2-axis, respectively. The RHS b is given by

b= α0b0 +α1b1, (24)

where α0 ∈ {0.1 V, 0.3 V, 0.5 V}, α1 ≃ 1.810× 10−5 V, and

b0 =
√
2
n−3

(|011⟩+ |100⟩)⊗ |+⟩⊗n−3 ⊗ |0⟩⊗n,

b1 =
√
2
2n
|+⟩⊗2n. (25)

We note that α1 in equation (24) is calculated as ϵ−1
si × (∆x)2 ×Q×Ns, where ϵsi is the permittivity of bulk

silicon (≃1.044× 10−10 F m−1),∆x is the size of discretization (=10−9 m), Q is the charge of a single
proton (≃1.602× 10−19 C), and Ns indicates the space charge density (=1.180× 1022m−3). In this case, it is
challenging to find an efficient way to represent the unitary Ub with a 2n-qubit quantum circuit. While the
method developed by Mottonen et al [39] can be employed, the result may be inefficient in terms of the
computing cost as we need∼O(22n) CNOT and single-qubit gates to represent Ub. To compute the
numerator of E(θ), therefore, we introduce an ancilla qubit and define the state |b ′⟩ as follows,

|b ′⟩= cosη|0⟩⊗ |b0⟩+ sinη|1⟩⊗ |b1⟩, (26)

where |b0⟩ and |b1⟩ are the normalized version of b0 and b1, respectively, and η = tan−1(
√
2
n+2

α1/α0).
Now, the numerator of the cost function can be easily calculated with

⟨b|ψ2n (θ)⟩2 = 2
(
β2
0 +β2

1

)(
⟨b ′|(|+⟩⊗ |ψ2n (θ)⟩)

)2
, (27)

where βi = αi||bi||/||b|| (i = 0,1). It should be noted here that the (⟨b ′|(|+⟩⊗ |ψ2n(θ)⟩))2 term can be
evaluated with a quantum circuit that has the depth of O(n), and the corresponding circuit when n= 4 is
depicted in figure 4(b).

Figures 5(a) and (b) show the results of numerical simulations that are obtained with our VQA in an
ideal condition for a 16 nm× 16 nm (n= 4) and a 32 nm× 32 nm structure (n= 5), respectively. Here the
VQA-driven solutions become fairly good enough to claim their accuracy with ansatz circuits of p= 5 and 6
in the cases of n= 4 and 5, respectively. When n= 4, bias-dependent potential profiles have fidelities>0.999
with relative norm errors<0.01. For the case of a larger domain where n= 5, solutions have fidelities
>0.997, showing relative norm errors<0.05. Here, the RHS vectors are more complicated than what we
considered in the section 3.1, and the ansatz circuit requires more repeated blocks (enclosed with a red
dotted line in figure 1(a)) to secure accurate solutions. Though it is true that results in figure 5 indicate the
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utility of VQA for tackling multi-dimensional physical problems with the Poisson equation, we can still
expect that, in general, more complex problems may require larger spaces of parameters that are subjected to
optimization. Moreover, as the system size increases, the optimization landscape becomes more complex,
making parameter optimization more challenging and potentially leading to barren plateau issues, which
could explain the fidelity degradation observed in our results. A more important message we can drive here is
that the real practicality of VQA for linear system problems including Poisson equations would significantly
depend on the shape of RHS vectors. We therefore need to carefully examine first whether given physical
problems have RHS vectors that can be implemented with quantum circuits in a cost-efficient manner.

3.3. Effects of sampling errors on VQA performance
So far, we have conducted numerical simulations under an ideal condition where effects of noises or
sampling errors are ignored. In NISQ devices, however, circuit operations cannot be free from noises, and
the cost function must be evaluated through multiple measurements since the information of each qubit is
always collapsed to either |0⟩ or |1⟩ upon a single measurement. As the first step to examine the performance
of our VQA in more realistic conditions, here we conduct numerical simulations with sampling effects for
the two-dimensional problems of mixed boundaries that are discussed the sections 3.1 and 3.2. For the
problem involving a silicon structure (figure 4(a)), we only test the case where Vg = 0.5 V is imposed on the
middle electrode on top of the domain. For both problems, we consider the case of n= 4, so 8-qubit circuits
are employed to describe the Poisson domains. Numerical simulations are conducted with 217–219 shots,
where the maximal number of shots in our case is similar to what was considered (=106) by Sato et al for
one-dimensional problems [23].

In figure 6(a), we show the results of the two-dimensional Poisson problem that has a step-function-like
RHS. Here, the VQA-driven solution becomes closer to the ideal result as we conduct more shots, so the
fidelity with 217 and 218 shots reach 0.989 and 0.998 with a L2 norm error of 0.1 and 0.001, respectively, where
the fidelity and norm error are 0.9999 and 0.0007 in the ideal case. The problem of securing potential profiles
in the silicon structure that has more complicated RHS vectors, however, generally needs more samples to
make the VQA solutions close to the ideal results as shown in figure 6(b). Ideally, the fidelity is about 0.999
and the norm error is∼0.01. With 217, 218, and 219 shots, however, the fidelity and corresponding L2 norm
error become (0.932, 0.23), (0.941, 0.22), and (0.975, 0.18), respectively. As we see from figure 6(c) that
shows the simulated two-dimensional potential profile as a function of the sampling number, the result with
a fidelity of 97.5% looks similar to the desired profile in the vicinity of the electrode where 0.5 V is imposed,
but the difference gets remarkable as we move farther towards other boundaries where the potential varies in
small magnitudes. We remind you this phenomenon has nothing to do with noises but solely depends on the
sampling error that would happen even in fault-tolerant quantum computers, indicating strong needs of
efficient strategies for the reconstruction of states with a reasonable number of samples.

3.4. Circuit complexity and noise dependency
To solve d-dimensional Poisson equations that employm= 2n grids to discretize the domain along a single
axis, one may consider the following cost function

Ẽ(θ)≡ ⟨ψdn (θ)|A2|ψdn (θ)⟩− |⟨b|A|ψdn (θ)⟩|2, (28)

which is derived from the problem of finding the ground state energy of H≡ A†A−A†|b⟩⟨b|A [20], and was
used by Liu et al for one-dimensional problems [22]. Evaluation of Ẽ(θ) however requires more quantum
circuits than what are needed to evaluate E(θ) given in equation (8), particularly due to the term of
⟨ψdn(θ)|A2|ψdn(θ)⟩. For a two-dimensional problem that has only Dirichlet boundaries, the Poisson system
matrix A becomes ADD = I(m) ⊗AD +AD ⊗ I(m), so A2

DD = I(m) ⊗A2
D +A2

D ⊗ I(m) +AD ⊗AD. Now, A2
D can

be written as

A2
D = 6I(2)q0 ⊗ ·· ·⊗ I(2)qn−1

−
(
e1e

†
1 + eme

†
m

)
− 4

n−1∑
k=1

I(2)q0 ⊗ ·· ·⊗ I(2)qn−2−k
⊗
(
O+
qn−1,k

+O−
qn−1,k

)
⊗ I(2)qn−1

− 4
n∑

k=1

I(2)q0 ⊗ ·· ·⊗ I(2)qn−1−k
⊗
(
O+
qn,k

+O−
qn,k

)
, (29)

where O±
qn,k

, e1 and em are defined in equations (13) and (18). Since the expectation value of (O+
qn,k

+O−
qn,k

)

and (e1e
†
1 + eme†m) can be evaluated with a single circuit as discussed in the section 2.2, the expectation value

of A2
D can be evaluated with 2n quantum circuits. The expectation value of AD ⊗AD can be computed with
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Figure 6. Sampling errors: (a) the convergence pattern of the VQA-driven solution is examined for the problem involving a step
function RHS (VG = 0.5 V & mixed boundaries). With 217 shots, the fidelity and the norm error of the solution are 0.989 and 0.1,
respectively. With 218 shots, they increase to 0.998 and 0.001, respectively, being comparable to the ideal result. (b) The
convergence pattern of a bias-dependent potential distribution (VG = 0.5 V) is shown. The pattern here is generally worse than
the case of figure 6(a) since the problem described in the section 3.2 has more complex RHS vectors, so, when 219 shots are
applied, the solution has a fidelity of 0.975 and its L2 norm error≃0.18). (c) The converged potential profile at VG = 0.5 V is
shown as a function of the sampling number. While the fidelity mark 0.975 with 219 shots, the potential distribution near the top
middle electrode (the region of large electric field) is fairly close to the ideal result. To clarify the differences, horizontal and
vertical line profiles are shown at the top and center of the domain, respectively.

n2 circuits since AD has n terms except one term involving a string of identity operators as shown in
equation (13). Therefore, ⟨ψ2n(θ)|A2

DD|ψ2n(θ)⟩ in Ẽ(θ) can be computed with a total of n2 + 2n quantum
circuits, and the cost-efficiency of our method is obvious since we utilize n circuits to compute
⟨ψ2n(θ)|ADD|ψ2n(θ)⟩ in E(θ).

The cost function employed by Sato et al is basically identical to ours [23]. They however decompose the
Poisson system matrices with multi-controlled X gates as illustrated in figure 7(a), and thus
⟨ψ2n(θ)|ADD|ψ2n(θ)⟩ can be evaluated with a constant number of quantum circuits. Since we need n
quantum circuits for the same task, the decomposition scheme proposed by Sato et al seems to be
advantageous if we focus on the number of required quantum circuits. The utilization of multi-controlled X
gates in NISQ devices, however, can cause substantial errors driven by noises, since they need to be realized
by circuit decompositions based on single- and two-qubit gates that can be directly supported by devices.
Figures 7(b) and (c) illustrate how a single four-qubit CCCX gate, which is used to get the expectation value
of a two-dimensional Poisson matrix with n= 4, is decomposed with single- and two-qubit gates, where it is
assumed NISQ devices directly support CNOT operations for any qubit pairs. Even though we have assumed
the feasibility of direct CNOT operations for any two qubits, a single CCCX gate still requires a circuit of
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Figure 7. The strength of our algorithm: (a) the quantum circuit for estimating the expectation value ⟨ψdn(θ)|ADD|ψdn(θ)⟩ with
multi-controlled X gates, based on the decomposition scheme proposed by Sato et al [23], is shown for the case d= 2 and n= 4.
(b) A single CCCX gate can be decomposed into a combination of Toffoli gates with an ancilla qubit, and (c) a single Toffoli gate
can be decomposed into one- and two-qubit gates. (d) When we calculate the expectation value and the cost function using the
circuit in figure 7(a) that is decomposed with the schemes in figures 7(b) and (c), the result is more sensitive to depolarizing
errors than the one calculated with our method shown in figure 2. (Left) Relative error comparison between the two methods,
where the mean values of 30 trials with randomly chosen θ are shown as a function of the two-qubit gate error. (Right) The cost
function is evaluated using parameters obtained from the ideal case, illustrating the impact of depolarizing noise. Simulations
assume that single- and two-qubit gates have a depolarizing error rate of 2.0× 10−4 and 8.0× 10−3, respectively, based on the
dataset known for the IBM 127-qubit quantum computer [40], and each data point is obtained with 219 shots.

depth= 36, and the depth of a circuit in figure 7(a) becomes 51 excluding the ansatz and measurement
operators, being much larger than those of our circuits in figure 2. Consequently, our method can be still
advantageous in terms of noise robustness of circuit operations.

To examine the robustness of noisy operations in more detail, we decompose the circuit in figure 7(a)
into one- & two-qubit gates, and evaluate ⟨ψ2n(θ)|ADD|ψ2n(θ)⟩ with depolarizing channel errors. After
conducting the same task using our circuits given in figure 2, we compute the relative error of the expectation
value as follows ∣∣∣∣ ⟨ψ2n (θ)|ADD|ψ2n (θ)⟩ideal −⟨ψ2n (θ)|ADD|ψ2n (θ)⟩noisy

⟨ψ2n (θ)|ADD|ψ2n (θ)⟩ideal

∣∣∣∣ . (30)

In the 127-qubit IBM quantum computer, the median error rate of two-qubit logics is about 2.40× 10−4,
while that of single-qubit gates is≃8.11× 10−3 [40]. To get relative errors, therefore, we consider the error
rate of two-qubit gates from 6.0× 10−3 to 1.0× 10−2, fixing the error rate of single-qubit operations to
2.0× 10−4. In addition to the relative error analysis, we further examine the impact of depolarizing noise on
the cost function by evaluating it under a depolarizing error model with a single-qubit error rate of
2.0× 10−4 and a two-qubit error rate of 8.0× 10−3. Simulation results in figure 7(d) clearly indicate that
employing multi-controlled X gates would not be a good choice, implying the strength of our method in
NISQ devices.

Before we close this section, it is worthwhile to discuss the potential benefit of our VQAs against classical
iterative algorithms in terms of computing cost. Though it is challenging at this time to directly compare the
wall-to-wall computing time of our method and its classical counterparts, some insights can be gained by
considering their computational complexities. For instance, one of most widely used classical iterative
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algorithms for solving linear systems is the conjugate gradient (CG) method [41]. In the case of a
d-dimensional Poisson equation, each iteration of the CG method requires O(md) operations, wherem is the
number of grid points used for discretization along each axis [16, 42, 43]. In contrast, calculating the cost
function in our VQA-based approach involves evaluating about n circuits, each with a depth of O(poly(n)),
where n= logm, and performing kmeasurements for each circuit. Consequently, the overall complexity per
iteration is O(k · poly(n)), which is independent of d. Hence, for sufficiently large n, our method may offer a
computational advantage in each iteration. Therefore, if an efficient iterative scheme for VQAs can be
developed, it may be possible to achieve quantum speed-up over classical iterative methods, highlighting the
need for further systematic studies to explore optimal iteration strategies for VQA implementations.

4. Conclusion

We have designed a VQA to discuss its practicality for securing solutions of the Poisson equations that
describe multi-dimensional computational domains with mixed boundary conditions. Adopting a cost
function based on the concept of the minimal potential energy, we have proposed the strategy for evaluation
of the cost function that is more beneficial in terms of the circuit complexity and the noise robustness than
what have been reported by previous studies for handling one-dimensional toy problems. To examine the
practicality of our strategy, we have conducted numerical experiments against two-dimensional problems
using the PENNYLANE simulator, including the one that computes the spatial distribution of potential
energy in lightly doped silicon that are dependent on electrical biases imposed on multiple electrodes.
Simulation results not only show the solutions are fairly accurate in an ideal condition, but also confirm that
the expectation value of a Poisson system matrix can be computed with much less sensitivity to depolarizing
noises than the case of previous studies. Though here we have shown the solid applicability of VQA to
Poisson equations, we still want to note that the effective practicality of VQA for handling linear system
problems can substantially depend on the RHS vectors that may vary if we change boundary conditions for
the same domain or target problems involving different domains. Consequently, if one plans to solve linear
system problems including Poisson equations with VQA, it should be crucial to examine in advance whether
associated RHS vectors can be represented with quantum circuits in a cost-effective manner.

Although the primary focus of this study is to present detailed strategies of circuit implementations that
can be feasible in the NISQ regime, several important issues must be still resolved with further studies to
claim the general practicality of VQAs for tackling partial differential equation problems in reality. For
example, this work has only used a rather simple hardware-efficient ansatz circuit that is composed of RY
and CZ gates. But exploring alternative ones such as the Hamiltonian variational ansatz [44, 45], could
provide deeper insights into optimization of the overall circuit performance. Another important issue that
must be rigorously understood with dedicated studies is the scalability of VQAs, which include the
convergence pattern, the accuracy of solutions, and the shot complexity that may become significant
bottlenecks as more qubits are needed to describe target problems. Nevertheless, this work can still serve as a
rare case study that shows the potential of VQAs to handle physically meaningful problems with reasonable
costs in near-term quantum computers.
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