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ABSTRACT This study proposes a robustH∞ guaranteed cost controller (RHGCC) and its designmethod for
set-point tracking control of quadrotor unmanned aerial vehicle (UAV) considering both model uncertainties
and external disturbances. To guarantee a certain level of optimal performance against the effects of model
uncertainties and external disturbances such as wind gusts, the proposed RHGCC integrates the H∞ control
method with guaranteed cost control. Furthermore, a linear matrix inequality (LMI)-based controller design
condition is proposed, guaranteeing not only a certain level of linear quadratic (LQ) cost but also the
upper bound of the disturbance attenuation level in terms of H∞ norm. The proposed RHGCC is designed
for the position and attitude control of the quadrotor UAV, enabling both the position and attitude of
quadrotor UAV to be robust against external disturbances. Simulation results validate the effectiveness of the
proposed RHGCC and demonstrate that the proposed method outperforms conventional methods in reducing
tracking errors against disturbances. Especially, the proposed method significantly reduces theH∞ norm and
suppresses disturbances compared to conventional methods.

INDEX TERMS Linear matrix inequality, optimal control, quadrotor UAV, robust control, set-point tracking
control.

NOMENCLATURE
ACRONYMS
DOF degrees of freedom.
LMI linear matrix inequality.
LQR linear quadratic regulator.
PID proportional-integral-derivative.
RHGCC robust H∞ guaranteed cost controller.
UAV unmanned aerial vehicle.

SYMBOLS
1Ai,1Bi1 model uncertainties.
γi upper bound of H∞ norm of i-th

closed-loop system.
R set of real numbers.

The associate editor coordinating the review of this manuscript and

approving it for publication was Jianxiang Xi .

B body-fixed frame.
I right-hand inertial frame.
J ′

i upper bound of Ji.
Ji LQ cost of i-th closed-loop system.
R rotation matrix.
µi virtual control inputs.
φ, θ, ψ roll, pitch, and yaw angles.
5 position vector.
5d ,2d desired position and angle vectors.
⋆ transposed off-diagonal elements

of a symmetric matrix.
τi torques in the roll, pitch and yaw

directions.
E{·} expectation operator.
tr{·} trace of ·.
2 angle vector.
Ai,Bi1,Bi2,Czi system matrices.
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b constant speed-to-force coefficient.
C(·) cosine of ·.
c constant force-to-moment inertia.
di(t) time varying disturbances.
Di damping matrices consisting of

drag coefficients.
diag(·) block diagonal matrix of ·.
ei error state variables.
fi lift forces.
g gravitational acceleration.
Jx , Jy, Jz moment of inertia.
Ki state feedback gains.
kx , ky, kz, kφ, kθ , kψ nominal values of drag coefficient.
l distance between the center of

gravity and rotor.
m mass of the quadrotor UAV.
S(·) sine of ·.
T ,M torque and virtual control input

vectors.
u1 total lift force.
Ui control input vectors of error state

model.
wi spin rates of motors.
x, y, z coordinates for representing

Euclidean positions.
Xei error state vectors.
zi(t) controlled outputs.
∥·∥2 L2-norm of ·.

I. INTRODUCTION
Quadrotor unmanned aerial vehicles (UAVs) have gained
much attention in recent years owing to their unique
attributes, characterized by a simple structure and maneuver-
ability, including vertical take-off and hover capabilities [1],
[2]. Furthermore, in contrast to alternative airborne plat-
forms, quadrotor UAVs manifest notable advantages in
terms of weight efficiency, cost-effectiveness, and enhanced
accessibility. These inherent characteristics have led to
their widespread adoption across diverse domains, spanning
education, military, agriculture, cargo and passenger trans-
portation, surveillance, and simultaneous localization and
mapping (SLAM) [3], [4], [5], [6], [7], [8].

In order for quadrotor UAVs to effectively operate
within these diverse applications, their ability to navi-
gate autonomously with high precision is crucial. In this
context, extensive studies have been conducted on the
control methods of quadrotor UAVs, including path-tracking
control methods [9], [10] and set-point tracking control
methods [11], [12]. However, designing a controller for
quadrotor UAVs still faces multiple challenges due to the
inherent nonlinearity of their models and the underactuated
property [13], [14]. To overcome these challenges, previous
studies have proposed a control framework that decomposes
the system into two distinct subsystems: position control
for translational motion and attitude control for rotational

motion [12], [13], [15], [16], [17], [18]. In the framework, the
original nonlinear dynamics are decomposed into linearized
position and control models, augmented by a nonlinear
coupling term. The hierarchical nature of this approach not
only resolves the underactuated dynamics but also provides
opportunities for developing systematic and straightforward
controller design methodologies.

In addition, the model uncertainties and external distur-
bances are the main factors degrading the control perfor-
mance of quadrotor UAVs. The model uncertainties can arise
from inaccuracies in measurements and internal parameters
such as aerodynamic coefficients and moments of inertia.
Furthermore, owing to their relatively small and lightweight
platform, quadrotor UAVs are sensitive to disturbances,
such as wind gusts. Hence, it is crucial to consider these
factors in designing the controller of quadrotor UAVs to
achieve desired control objectives [1], [19]. Furthermore,
to achieve control objectives in real-world applications such
as cooperation with multiple unmanned systems, including
quadrotor UAVs, it is necessary to consider constraints such
as finite-time convergence, input saturation constraints, and
discrete communication. These constraints can be overcome
by introducing methods such as event-triggered control and
neural network control [20], [21], [22], [23]. In this paper,
we focus on control methods that minimize the impact
of model uncertainties and disturbances among various
constraints for the effective control of quadrotor UAV.

Various studies have investigated robust control methods
employing the hierarchical control structure to achieve the
desired control performance against model uncertainties and
external disturbances [13], [19], [24], [25]. For example,
[13] employed the robust integral of the signum of the
error method for the inner-loop attitude control to reject
disturbances, and an immersion and invariance-based adap-
tive control method was applied for the outer-loop position
control to compensate for uncertainties. Reference [19]
integrated adaptive control with PD-like control for both
position and attitude control, demonstrating its robustness to
both model uncertainties and disturbances without relying on
a known upper bound. In [24], a robust generalized dynamic
inversion was used for the inner loop to control horizontal
positions, and adaptive non-singular terminal sliding mode
control was employed for the outer loop to control vertical
position, tilting angles (roll, pitch), and yaw angle. While
these approaches succeeded in enhancing the robustness of
the platform to disturbances and model uncertainties in the
tracking control of quadrotor UAV, they did not consider
achieving optimal control performance.

Meanwhile, optimal control methods have been investi-
gated for position and attitude control, aiming to optimize
a predefined performance index in the operation of quadro-
tor UAV [12], [15], [26], [27]. For example, in [26],
an efficient nonlinear MPC using the improved continuation
and generalized minimal residual algorithm was proposed
for tracking control of quadrotor UAV. Reference [27]
incorporated a feed-forward neural network as the prediction
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model, presenting a strategy to adaptively learn the model
parameters using neural networks when exact model param-
eters are unknown. Although the aforementioned MPC-
based strategies can implicitly reduce the effect of the
model uncertainties, it is difficult to analyze the control
performance of the proposed controller rigorously because
model uncertainties and disturbances are not explicitly con-
sidered in the controller design. Furthermore, MPC strategies
demand significant computational resources as they solve
optimization problems and update control inputs at every
step. In [15], a linear quadratic regulator (LQR) was adopted
for both position and attitude control. However, this study
did not consider model uncertainties in the controller design.
In [12], guaranteed cost control (GCC) was applied for fixed-
point tracking position and attitude control, incorporating
model uncertainties. However, the study did not address the
effect of external disturbances.

In this study, we propose the robust H∞ guaranteed cost
control (RHGCC). The proposed control strategy integrates
optimal control with H∞ control to achieve both optimal
control performance and attenuation of the effects of model
uncertainties and external disturbances. Specifically, the
proposed RHGCC guarantees a certain level of the LQ
cost and an upper bound on the H∞ norm against external
disturbances to the controlled outputs. Both norm-bounded
model uncertainties and external disturbances are explicitly
modeled in the error state space equation. Subsequently,
the performance analysis condition for a closed-loop error
system is provided in terms of matrix inequality, guaran-
teeing the upper bound of the LQ cost and disturbance
attenuation level. Then, based on the analysis condition,
a linear matrix inequality (LMI)-based controller design
condition is proposed, enabling the optimal controller gain
to be obtained by solving a convex optimization problem.
In particular, the proposed method considers both norm-
bounded model uncertainties and external disturbances in
the optimal controller design, whereas the existing studies
ignored external disturbances when designing. The optimal
performance and robustness of the proposed method are
analyzed and verified through various simulations, and
the results demonstrate the effectiveness of the proposed
method in reducing disturbances. The qualitative comparison
between the proposed and existing methods is summarized in
Table 1. In addition, the major contributions of this study are
summarized as follows:

• Model uncertainties are explicitly modeled in the
tracking error state space equation of quadrotor UAV
using norm-bounded uncertainties. Additionally, exter-
nal disturbances are also modeled explicitly in the
equation. Both modeled uncertainties and external
disturbances are considered in the performance analysis
and controller design of quadrotor UAV.

• A performance analysis condition for a closed-loop
system is provided in terms of matrix inequalities,
guaranteeing the upper bound of the LQ cost and
disturbance attenuation level simultaneously. Based on

the analysis, an LMI-based controller design condition
is proposed, enabling the optimal RHGCC gain to be
obtained by solving a convex optimization problem.

• Simulations are conducted in various scenarios, char-
acterized by instantaneous, continuous, and complex
disturbances. Furthermore, a comprehensive evaluation
of the proposed RHGCC is conducted to demonstrate its
effectiveness in reducing disturbances through compar-
ative analysis with conventional methods.

This paper is organized as follows: In section II, we present
the linear modeling of a cascaded position and attitude
control system for a quadrotor UAV. In section III, the
design of RHGCC for set-point tracking control is presented.
In section IV, simulations and performance analysis are
conducted under various disturbance scenarios. Finally,
section V concludes the paper.

TABLE 1. Qualitative comparison with existing studies on quadrotor UAV.

FIGURE 1. Schematics of quadrotor UAV.

II. PROBLEM FORMULATION
In this study, we consider the quadrotor UAV consisting
of four rotors, with two rotors facing each other rotating
clockwise or counterclockwise (Fig. 1) [13]. These four
rotors generate the lift forces of the quadrotor UAV, denoted
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by

fi(t) = bw2
i , i ∈ {1, · · · , 4}. (1)

I = {Ix , Iy, Iz} represents a right-hand inertial frame in
the 3-dimensional space, andB = {Bx ,By,Bz} represents the
body-fixed frame, respectively, where its origin is the center
of gravity. The Euclidean position of the quadrotor UAV is
represented as 5(t) = [x(t), y(t), z(t)]T in the inertial frame,
and2(t) = [φ(t), θ(t), ψ(t)]T denotes the Euler angle of the
quadrotor UAV, respectively. In addition, the rotation matrix
R from B to I is expressed as follows [18]:

R =

CφCθ SφSθCψ − CφSψ CφSθCψ + SφSψ
SφCθ SφSθSψ + CφCψ CφSθSψ − SφCψ
−Sθ CθSφ CφCθ

 .
(2)

The dynamics of the translational and rotational motions
of the quadrotor UAV can be represented as:

m5̈(t) + D15̇(t) + G = B1u1(t) + d1(t), (3)

J2̈(t) + LD22̇(t) = B2T (t) + d2(t), (4)

where

J = diag(Jx , Jy, Jz),

D1 = diag(kx , ky, kz), D2 = diag(kφ, kθ , kψ ),

G =

 0
0
mg

 , L = diag(l, l, 1),

B1 =

CφSθCψ + SφSψ
CφSθSψ − SφCψ

CφCθ

 , B2 = diag(l, l, c),

T (t) =

τ1(t)τ2(t)
τ3(t)

 , d1(t) =

dx(t)dy(t)
dz(t)

 , d2(t) =

dφ(t)dθ (t)
dψ (t)

 .
Here, J denotes the moment of inertia in each direction.

D1 and D2 are the damping matrices, which consist of the
nominal values of drag coefficients. B1 and B2 are input gain
matrices. d1(t) and d2(t) represent time-varying disturbances
with respect to position and attitude, respectively. u1(t)
denotes the total lift force. T (t) denotes the rotation torque
vector, including roll, pitch, and yaw torques. u1(t) and T (t)
are defined as:

u1 = f1 + f2 + f3 + f4,

τ1 = −f1 − f2 + f3 + f4,

τ2 = −f1 + f2 + f3 − f4,

τ3 = f1 − f2 + f3 − f4. (5)

The desired values of the position and attitude of the
quadrotor UAV are defined as 5d = [xd , yd , zd ]T and 2d =

[φd , θd , ψd ]T , respectively. Then, the error state vectors are
defined as:

e1(t) = 5(t) −5d , e2(t) = 5̇(t) − 5̇d ,

e3(t) = 2(t) −2d , e4(t) = 2̇(t) − 2̇d . (6)

Defining the virtual control input M (t) = [µ1(t), µ2(t),
µ3(t)]T , we have from (3), (4), and (6):

ė1(t) = e2(t), (7a)

ė2(t) = −
1
m
D1e2(t) +M (t) −

1
m
D15̇d − 5̈d

+
1
m
d1(t) +

{
1
m
B1u1(t) − G−M (t)

}
, (7b)

ė3(t) = e3(t), (7c)

ė4(t) = J−1 {
LD2e4(t) + B2T (t) − LD22̇d + d2(t)

}
− 2̈d , (7d)

where
{
1
mB1u1(t) − G−M (t)

}
is a coupling term that links

position control and attitude control, and it can be eliminated
from the state space equation by defining the elements in the
virtual control inputM (t) as:

µ1(t) =
u1(t)
m

(CφdSθdCψd + SφdSψd ),

µ2(t) =
u1(t)
m

(CφdSθdSψd − SφdCψd ),

µ3(t) =
u1(t)
m

(CφdCθd ) − g. (8)

Furthermore, 5̇d , 5̈d , 2̇d and 2̈d are zero since they
are time-invariant values for set-point tracking control.
Therefore, we have the following state space representation
of the error dynamics from (7) and (8):

Ẋe1(t) = A1Xe1(t) + B11M (t) + B12d1(t), (9)

Ẋe2(t) = A2Xe2(t) + B21T (t) + B22d2(t), (10)

where

Xe1(t) =

[
e1(t)
e2(t)

]
, Xe2(t) =

[
e3(t)
e4(t)

]
,

A1 =

[
O3x3 I3x3
O3x3 −

1
mD1

]
, A2 =

[
O3x3 I3x3
O3x3 − J−1LD2

]
,

B11 =

[
O3x3
I3x3

]
, B12 =

1
m

[
O3x3
I3x3

]
,

B21 =

[
O3x3
J−1B2

]
, B22 =

1
m

[
O3x3
J−1

]
.

From (8), the total lift force u1 and desired values of roll
and pitch, φd and θd , are obtained as follows:

u1 = m
√
µ12(t) + µ22(t) + {µ3(t) + g}2,

φd = arcsin
[

m
u1(t)

{µ1(t)Sψd − µ2(t)Cψd }
]
,

θd = arctan
[

1
µ3(t) + g

{µ1(t)Cψd + µ2(t)Sψd }
]
. (11)

Fig. 2 shows the entire structure of the control system.
The position control, forming the outer loop, and the attitude
control, forming the inner loop, are linked by the nonlinear
decoupling equations (11). We assume that the matrices
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FIGURE 2. The entire control system structure for quadrotor UAV: In this structure, position control and attitude
control are linked in a cascade by the nonlinear decoupling equation.

(A1,B11,A2,B21) have norm-bounded model uncertainties
as:

A1 = A10 +1A1, B11 = B110 +1B11,

A2 = A20 +1A2, B21 = B210 +1B21, (12)

where

1A1 = S1F(t)E1,1B11 = S1F(t)E3,

1A2 = S2F(t)E2,1B21 = S2F(t)E4. (13)

Here, S1, S2 ∈ R6×3, E1,E2 ∈ R3×6 and E3,E4 ∈

R3×3 are given constant matrices representing the structure
of uncertainties. Additionally, F(t) ∈ Rn×n consists of
Lebesgue measurable elements satisfying the following
condition:

FT (t)F(t) ≤ I . (14)

Thus, (9) and (10) can be rewritten as:

Ẋe1(t) = (A10 +1A1)Xe1(t)

+ (B110 +1B11)M (t) + B12d1(t), (15)

Ẋe2(t) = (A20 +1A2)Xe2(t)

+ (B210 +1B21)T (t) + B22d2(t). (16)

In addition, (15) and (16) can be simply expressed as
follows:

Ẋei(t) = (Ai0 +1Ai)Xei(t) + (Bi10 +1Bi1)Ui(t)

+ Bi2di(t), i ∈ {1, 2}. (17)

The LQ cost function of each control system is represented
as follows:

Ji(Xei(t),Ui(t)) =

∫
∞

0

{
XTei (t)QiXei(t)+U

T
i (t)RiUi(t)

}
dt,

i ∈ {1, 2}, (18)

where Ji is a positive scalar. Qi and Ri are given positive-
definite symmetric matrices, respectively. Furthermore, for a

positive scalar γi(i ∈ {1, 2}), the upper bounds of H∞ norm
of each subsystem are represented as follows:

∥zi(t)∥2
∥di(t)∥2

< γi, i ∈ {1, 2}, (19)

where di(t) represents time-varying disturbances. The con-
trolled output zi(t) is represented as zi(t) = CziXei(t), where
Czi is a given constant matrix with appropriate dimension.
Now, we define the RHGCC of the system (17) as follows.
Definition 1: The control law Ui(t) is said to be the

RHGCC of the system (17) if the control lawUi(t) guarantees
that the system (17) is stable and satisfies (19) for di(t) ̸=

0 and J ′
i ≥ Ji(Xei(t),Ui(t)) for di(t) = 0 for positive scalars

γi and J ′
i .

This study aims to find the state feedback gain Ki of the
controller Ui(t) = KiXei(t) that achieves the RHGCC of the
system (17).

III. ROBUST H∞ GUARANTEED COST CONTROLLER
DESIGN
In this section, the design of the RHGCC for position and atti-
tude control of the proposed quadrotor UAV is presented. The
following theorem presents the matrix inequality condition to
obtain the state feedback controller gains Ki of RHGCC.
Theorem 1: Consider the system (17). The control law

Ui(t) = KiXei(t) is said to be RHGCC if there exists
a positive-definite matrix Pi and positive scalars ϵij(i ∈

{1, 2}, j ∈ {1, · · · , n}) for the given positive scalar γi such
that

Qi + KT
i RiKi + Pi(Ai0 + Bi10Ki) + (Ai0 + Bi10Ki)TPi

+ (SiM̄i)M̄
−1
i (SiM̄i)T + Ēi

T M̄iĒi + γ−2
i PiBi2BTi2Pi

+ CT
ziCzi < 0, (20)

where Ēi = Ei + Ei+2Ki and M̄i = diag(ϵi1, · · · , ϵin).
In addition, the upper bound of the LQ costJ ′

i is calculated as
XTei0PiXei0, where Xei0 is an initial value of the Xei(t) at t = 0.
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Proof: Substituting the input Ui(t) = KiXei(t) into (17),
we have:

Ẋei(t) = (Ai0 + Bi10Ki +1Ai +1Bi1Ki)Xei(t)

+ Bi2di(t), i ∈ {1, 2}. (21)

Define the Lyapunov function candidate as:

V (Xei(t)) = XTei (t)PiXei(t). (22)

Then, the time derivative of (22) along (17) can be
calculated as:

V̇ (Xei(t)) = XTei (t)[Pi{(Ai0 + Bi10Ki) + SiFiĒi}

+ {(Ai0 + Bi10Ki) + SiFiĒi}TPi]Xei(t)

+ XTei (t)PiBi2di(t) + dTi (t)B
T
i2PiXei(t). (23)

By Lemma 1 [28], (23) can be rewritten as follows:

V̇ (Xei(t)) ≤ XTei (t)[Pi(Ai0 + Bi10Ki)(Ai0 + Bi10Ki)TPi

+ (PiSiM̄i)M̄i
−1(PiSiM̄i)T + Ēi

T M̄i
−1Ēi

+ γ−2
i PiBi2BTi2Pi]Xei(t) + γ 2

i d
T
i (t)di(t). (24)

From (20) and (24), we have

V̇ (Xei(t)) ≤ XTei (t)[Pi(Ai0 + Bi10Ki)(Ai0 + Bi10Ki)TPi

+ (PiSiM̄i)M̄i
−1(PiSiM̄i)T + Ēi

T M̄i
−1Ēi

+ γ−2
i PiBi2BTi2Pi]Xei(t) + γ 2

i d
T
i (t)di(t)

< XTei (t){−Qi − KT
i RiKi − CT

ziCzi}Xei(t)

+ γ 2
i di(t)

T di(t). (25)

First, for di(t) = 0, (25) can be rewritten as:

V̇ (Xei(t)) ≤ XTei (t)[Pi(Ai0 + Bi10Ki)(Ai0 + Bi10Ki)TPi

+ (PiSiM̄i)M̄i
−1(PiSiM̄i)T + Ēi

T M̄i
−1Ēi

+ γ−2
i PiBi2BTi2Pi]Xei(t)

< XTei (t){−Qi − KT
i RiKi − CT

ziCzi}Xei(t)

≤ XTei (t){−Qi − KT
i RiKi}Xei(t) < 0. (26)

Thus, the system (17) is asymptotically stable from (22)
and (26). On the other hand, by integrating (26) from t = 0 to
∞, one can obtain:∫

∞

0
V̇ (Xei(t)) dt < −

∫
∞

0
XTei (t){Qi + KT

i RiKi}Xei(t) dt.

(27)

As the system (17) is asymptotically stable, the V (t)
converges to zero as t → ∞. Thus, by solving the integral
in (27), we obtain:

V (Xei(0)) = XTei (0)PiXei(0) = J ′
i > Ji. (28)

Therefore, the LQ cost Ji has the upper bound J ′
i . Next,

for di(t) ̸= 0, (25) can be rewritten as follows:

V̇ (Xei(t)) < XTei (t){−Qi − KT
i RiKi − CT

ziCzi}Xei(t)

+ γ 2
i di(t)

T di(t). (29)

Similarly, by integrating both sides of the inequality (29)
from t = 0 to ∞, one can obtain:∫

∞

0
V̇ (Xei(t)) dt <

∫
∞

0
XTei (t){−Qi − KT

i RiKi}Xei(t) dt

+

∫
∞

0
{γ 2
i di(t)

T di(t)

− XTei (t)C
T
ziCziXei(t)} dt < 0. (30)

Integrating (30) from t = 0 to ∞ yields

V (Xei(0)) +

∫
∞

0
{γ 2
i di(t)

T di(t) − XTei (t)C
T
ziCziXei(t)}dt

> V (Xei(∞)) +

∫
∞

0
XTei (t){Qi + KT

i RiKi}Xei(t) dt > 0.

(31)

For the initial value Xei(0) = 0, we have from (31):∫
∞

0
{γ 2
i di(t)

T di(t) − XTei (t)C
T
ziCziXei(t)}dt > 0. (32)

(32) can be rewritten as:

γ 2
i

∫
∞

0
∥di(t)∥22dt >

∫
∞

0
∥zi(t)∥22dt, (33)

where γi is the upper bound ofL2 gain from di(t) to zi(t). This
completes the proof. □
Note that the matrix inequalities in Theorem 1 are bilinear

matrix inequalities (BMIs), which are nonconvex. Thus,
obtaining solutions satisfying the inequalities is an NP-hard
problem. Therefore, it is required to relax the BMI conditions
in Theorem 1 to LMI conditions. Theorem 2 presents the
controller design using the LMI conditions relaxed from the
conditions in Theorem 1.
Theorem 2: The control law Ui(t) = KiXei(t) is said to

be RHGCC if there exists a matrix Ni = KiP
−1
i , positive

definite matrices Hi = P−1
i and Yi, and positive scalars

ϵij(i ∈ {1, 2}, j ∈ {1, · · · , n}) for given positive scalar γi such
that

Aci Hi NT
i SiM̄i Ēi

T HiCT
zi Bi2

⋆ −Qi−1 O O O O O
⋆ ⋆ −R−1

i O O O O
⋆ ⋆ ⋆ −M̄i O O O
⋆ ⋆ ⋆ ⋆ −M̄i O O
⋆ ⋆ ⋆ ⋆ ⋆ −I O
⋆ ⋆ ⋆ ⋆ ⋆ ⋆ −γ 2

i I


< 0, (34)

[
Yi I
⋆ Hi

]
≥ 0, (35)

where Aci = Ai0Hi + Bi10Ni + (Ai0Hi + Bi10Ni)T , Ēi =

Ei + Ei+2Ki, and M̄i = diag(ϵi1, · · · , ϵin). In addition, the
upper bound of the LQ cost J ′

i is calculated as XTei0YiXei0,
where Xei0 is the initial value of Xei(t) at t = 0. Furthermore,
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the state feedback controller gain is calculated as
Ki = NiH

−1
i .

Proof: Pre- and post-multiplying (34) by �i yields

Ãci I KT
i PiSiM̄i PiĒi

T CT
zi PiBi2

⋆ −Qi−1 O O O O O
⋆ ⋆ −R−1

i O O O O
⋆ ⋆ ⋆ −M̄i O O O
⋆ ⋆ ⋆ ⋆ −M̄i O O
⋆ ⋆ ⋆ ⋆ ⋆ −I O
⋆ ⋆ ⋆ ⋆ ⋆ ⋆ −γ 2

i I


< 0, (36)

where �i = diag{H−1
i , I , I , I , I , I , I }, Ãci = PiAi0 +

PiBi10Ki + (PiAi0 + PiBi10Ki)T , Ni = KiP
−1
i , and Hi =

P−1
i , respectively. By applying the Schur complement,

we have (20). In addition, applying the Schur complement
to (35) yields

Yi ≥ Hi = P−1
i . (37)

Pre- and post-multiplying (37) by XTei0 yields

XTei0YiXei0 ≥ XTei0P
−1
i Xei0. (38)

Thus, the upper bound of the LQ cost (18) for the
system (17), J ′

i , is obtained as XTei0YiXei0 in (38). This
completes the proof. □

TABLE 2. Parameters of the quadrotor UAV model used in the simulation.

The optimal controller can be obtained by minimizing an
upper bound of the LQ cost subject to the LMI condition
in Theorem 2. Thus, we formulate a convex optimization
problem to obtain the optimal controller. Assuming that Xei0
is a zero mean random variable, i.e., E{Xei0XTei0} = I , we can
obtain the following relation:

tr{E{Ji}} ≤ tr{E{V (Xei(0)}} = J ′
i

≤ tr{E{XTei0YiXei0}}

≤ tr{E{Xei0XTei0}Yi} = tr{Yi}. (39)

Therefore, we can obtain the state feedback control gain Ki
minimizing the upper bound of the LQ cost J ′

i by solving the
following convex optimization problem:

min
M̄i,Hi,Ni,Yi

tr{Yi}

subject to (34), (35). (40)

We can obtain the optimal state feedback gain by
calculatingKi = NiH

−1
i from the solution of the optimization

problem, achieving RHGCC.
Remark 1: Unlike the conventional designs of LQR and

GCC, the design of the proposed RHGCC includes the
upper bound of H∞ norm γi as a constraint and solves an
optimization problem that minimizes the LQ costJ ′

i to obtain
the optimal controller gainKi. Therefore, it considers both the
LQ optimal and H∞ control simultaneously, ensuring their
upper bounds in the design. Particularly, since the quadrotor
UAV model (17) explicitly includes model uncertainties and
external disturbances, the controller is designed to obtain
LQ optimal gains while achieving robustness against these
uncertainties and disturbances.
Remark 2: Relaxing the BMI constraints to LMI condi-

tions enables the optimal controller gain Ki to be obtained by
solving the convex optimization problem in (40), minimizing
the upper bound of the LQ cost.

IV. SIMULATION RESULTS
A. PARAMETERS AND CONTROLLER GAINS
In this section, we show the effectiveness of the proposed
RHGCC in reducing disturbances through simulations. The
proposed RHGCC is compared with a conventional PID
controller, a widely used control method, and an LQR, a rep-
resentative optimal control method for linearizedmodels. The
parameters of the quadrotor UAV for the controller design
and performance comparison are given in Table 2 [29]. In
the simulations, the drag coefficients kx , ky, kz, kφ , kθ , and
kψ are assumed to have a 30 percent perturbation, serving as
the model uncertainties [12]. Thus, the uncertainty matrices
Si and Ei can be defined as follows:

S1 = S2 =

[
O3×3
I3×3

]
,

E1 =


0 0 0
0 0 0
0 0 0

0.003 0 0
0 0.003 0
0 0 0.003

 ,

E2 =


0 0 0
0 0 0
0 0 0

0.0036 0 0
0 0.0036 0
0 0 0.0036

 ,

E3 =

0.1 0 0
0 0.1 0
0 0 0.1

 , E4 =

0.25 0 0
0 0.25 0
0 0 0.01562

 .
We set the matricesQ1 = Q2 = I6×6 and R1 = R2 = I3×3.

We also set the matrices Cz1 = Cz2 = I6×6, assuming that
every state is observable. In addition, we set γ1 = 0.5 and
γ2 = 25. The following controller gains were obtained by
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solving the optimization problem (40) as:

K1 =

−4.7036 0 0
0 −4.7036 0
0 0 −4.7036

−11.6509 0 0
0 −11.6509 0
0 0 −11.6509

 ,
K2 =

−1.4224 0 0
0 −1.4224 0
0 0 −3.0834

−1.8038 0 0
0 −1.8038 0
0 0 −13.4687

 .
Remark 3: It is well known that the performance of the

closed-loop response is affected by the choice of parameters
Q1, Q2, R1, R2, Cz1, Cz2, γ1, and γ2. Specifically, Q1 and
R1 are the weight parameters of the LQ cost for the position
control. Each diagonal element of Q1 is the weight for its
corresponding state, while each diagonal component in R1 is
the weight for its corresponding control input. In other words,
a large value of Q1 exhibits the fast state response, whereas
a large value of R1 suppresses the magnitude of the control
input. Similarly, Q2 and R2 serve the same function for
attitude control. On the other hand,Cz1 andCz2 determine the
controlled outputs whose L2-gain over external disturbances
are upper bounded by γ1 and γ2, respectively. Smaller values
of γ1 and γ2 can result in better robustness to external
disturbances but may lead to infeasible LMI conditions,
requiring careful tuning.

TABLE 3. Proportional, integral and differential gains of PID controllers.

The PID gains of the conventional PID controller were
obtained using the PID tuner in MATLAB (Table 3).
In addition, the conventional LQR gains were obtained as:

Klqr,1 =

1.0000 0 0
0 1.0000 0
0 0 1.0000

1.7278 0 0
0 1.7278 0
0 0 1.7278

 ,
Klqr,2 =

1.0000 0 0
0 1.0000 0
0 0 1.0000

1.3297 0 0
0 1.3297 0
0 0 3.4826

 .
B. SIMULATION 1: INSTANTANEOUS DISTURBANCES
In this subsection, we assess the quadrotor UAV’s ability
to hover when encountering a gust of wind after reaching

the reference point. The initial input reference values are
5d = [5, 5, 5]T m and 2d = [0, 0, 1.0472]T rad. Namely,
the quadrotor UAV is planned to rotate 60 degrees while
moving to [x, y, z]T = [5, 5, 5]T m from the origin initially.
Note that these initial reference values for position and
attitude were also used in the simulations conducted in the
following subsections. The disturbances are applied as unit
steps, as depicted in Fig. 3 and Fig. 6. First, Fig. 3 and
Fig. 4 show the applied disturbances and the position control
responses to them. For an air density of 1.2 kg/m3 and a wind
speed of 5 m/s, Fw is calculated by 10 N, as Fw = pdA =
1
2ρv

2
w, where Fw is the wind force, A is the surface area, pd

is the dynamic pressure, ρ is the density of air, and vw is the
wind speed.

Fig. 4 depicts the responses when the disturbance d1(t)
shown in Fig. 3 was applied in all x, y, and z directions.
At both 15 and 25 seconds, the position control response
by the proposed method deviated by up to 0.15 m from the
desired value. In contrast, the position control responses by
the PID and LQR controllers deviated by up to 1.32 m and
0.85 m from the desired position, respectively. This indicates
that the proposed RHGCC reduced the effect of disturbances
by 88.6% and 82.4% compared to the PID control and
LQR, respectively. From this simulation, it can be seen that
the RHGCC’s suppression of disturbances is much lower
compared to the conventional PID and LQR controllers.

The H∞ norms of each controller were numerically
calculated and shown in Fig. 5. The values of the H∞ norm
of the PID and LQR controllers converged to 0.34 and 0.21,
respectively, whereas that of the proposed RHGCC converged
to 0.04, remaining within the initially given upper bound
of γ1. Therefore, the H∞ norm of the proposed RHGCC
is 88.2% and 81.0% lower than those of the PID control
and LQR, respectively, indicating that the proposed RHGCC
significantly reduces the impact of disturbances compared to
the conventional methods.

FIGURE 3. Instantaneous disturbance inputs for position.

Similarly, Fig. 7 shows the responses of attitude control
when the disturbance of π

12 N·m at 30 seconds and π
15 N·m

at 60 seconds is applied to the positive yaw angle (Fig. 6).
Right after the first disturbance was applied, the attitude
control responses by the PID control and LQR deviated by
up to 0.67 rad and 0.46 rad from the desired yaw angle,
respectively, whereas the response by proposed RHGCC
deviated by up to 0.16 rad, reducing the effect of disturbances
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FIGURE 4. Responses of each controller for position tracking when
disturbances in Fig. 3 are applied.

FIGURE 5. Calculated H∞ norms from responses in Fig. 4 for each
controller.

by 76.1% and 65.2% compared to those of the PID and LQR
controllers, respectively. Right after the second disturbance
was applied, the responses of the PID control and LQR
deviated by up to 0.69 rad and 0.37 rad from the desired
yaw angle, respectively, whereas the response by proposed
RHGCC deviated by up to 0.13 rad, reducing the effect of
disturbances by 81.2% and 64.9% compared to those of the
PID and LQR controllers, respectively.

In this simulation, the calculated H∞ norm values of each
controller are compared in Fig. 8. The calculated H∞ norms
of the PID control and LQR were approximately 11.9 and
5.5, respectively, whereas the calculated H∞ norm of the
proposed RHGCC was approximately 1.8. This calculated
H∞ norm of the proposed RHGCC remains below the
initially given upper bound of γ2, and is 84.9% and 67.3%
lower than those of the PID and LQR controllers, respectively.
Therefore, it can be concluded that the proposed RHGCC
mitigated the impact of the disturbances and maintained
proximity to the desired values compared to the conventional
methods.

FIGURE 6. Instantaneous disturbance input for yaw angle in attitude.

FIGURE 7. Responses of each controller for attitude tracking when
disturbance in Fig. 6 is applied.

FIGURE 8. Calculated H∞ norms from responses in Fig. 7 for each
controller.

Meanwhile, when disturbances shown in Fig. 3 and Fig. 6
are not applied, the upper bounds of the LQ cost calculated
by Theorem 2 for the given initial values are as follows:

J ′

1 = 374.3217, J ′

2 = 10.5538.

Fig. 9 shows the obtained LQ costs for each subsystem.
The resulting LQ cost was 182.44 for J1 and 5.13 for J2.
From this, we can verify that the LQ costs actually obtained
are below their respective upper bounds.

C. SIMULATION 2: CONTINUOUS DISTURBANCES
In this subsection, we compare the response and performance
of each controller to continuously applied disturbances,
while also examining the H∞ norm of each controller. The
introduced disturbance d1(t) is illustrated in Fig. 10, where
d1(t) = [sin( 1

10 t), sin(
1
3 t), sin(

1
5 t)]

T . The responses of each
controller to the disturbances are shown in Fig. 11.
For the y direction, the steady-state responses by the

conventional PID and LQR controllers exhibited oscillations
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FIGURE 9. LQ costs obtained from each subsystem controlled by the
proposed RHGCC for the given initial values.

with the magnitude of 1.12 m and 0.82 m peak to peak,
respectively. On the other hand, the proposed RHGCC
yields significantly reduced oscillation whose magnitude was
0.14 m peak to peak. Thus, the proposed RHGCC reduced
the tracking errors in the y direction by approximately
87.5% and 82.9% compared to the PID and LQR controllers,
respectively. Similarly, in the z direction, the steady-state
response by the PID and LQR controllers presented oscilla-
tions with the magnitude of 1.01 m and 0.84 m peak to peak,
respectively, whereas the response by the proposed RHGCC
presented oscillations with a magnitude of 0.16 m peak to
peak. Therefore, the proposed RHGCC reduced the tracking
errors in the z direction by approximately 84.2% and 81.0%
compared to the PID and LQR controllers, respectively.
Consistent with previous simulations, the proposed RHGCC
significantly reduced the effect of disturbances, positioning
the quadrotor UAV closer to the desired point compared to
the conventional PID and LQR controllers. This demonstrates
that the proposed RHGCC is much more robust against
disturbances compared to conventional methods.

Additionally, the H∞ norms of each controller are
calculated and shown in Fig. 12. For the given disturbances,
the H∞ norm values of the PID and LQR controllers were
calculated as 0.54 and 0.43, respectively, whereas the H∞

norm of the proposed RHGCC was calculated as 0.08. This
represents 85.2% and 81.4% reductions compared to the
PID and LQR controllers, respectively, highlighting that the
proposed RHGCC significantly minimizes the impact of
disturbances compared to the other controllers.

D. SIMULATION 3: COMPLEX DISTURBANCES
In this subsection, we compare theH∞ norm and the response
of each controller when continuous complex disturbances

FIGURE 10. Continuous disturbance inputs.

FIGURE 11. Responses of each controller for position tracking when
disturbances in Fig. 10 are applied.

are applied. The introduced disturbance d1(t) is depicted in
Fig. 13 and the disturbances are applied from 10 seconds
after each controller’s response reaches a steady state.
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FIGURE 12. Calculated H∞ norms from responses in Fig. 11 for each
controller.

Fig. 14 depicts the responses of each controller when the
disturbances in Fig. 13 are applied.

When examining the responses of each controller to
disturbances in the x direction over the entire time range, the
conventional PID and LQR controllers exhibited oscillations
with the magnitudes of 3.03 m and 2.06 m peak to
peak, respectively, whereas the proposed RHGCC exhibited
oscillations with a magnitude of 0.42 m peak to peak. In other
words, the proposed RHGCC reduced the tracking errors
due to disturbances by approximately 86.1% and 79.6%
compared to the PID and LQR, respectively. In addition,
in the z direction, the PID and LQR controllers oscillated
with peak-to-peak magnitudes of 2.82 m and 2.07 m,
respectively. In contrast, the proposed RHGCC exhibited
oscillations with a peak-to-peak magnitude of 0.42 m,
resulting in a reduction of tracking errors of approximately
85.1% and 79.7% compared to the PID and LQR controllers,
respectively. Similar to previous simulations, it is evident
that the proposed RHGCC effectively reduces the impact
of disturbances compared to other conventional controllers,
positioning the quadrotor UAV closer to the desired point.

Additionally, the H∞ norms of each controller in this
simulation are compared in Fig. 15. The H∞ norms of
the PID and LQR controllers were calculated to be about
0.5 and 0.42, respectively, while that of the RHGCC was
approximately 0.09. Compared to the conventional PID and
LQR controllers, the H∞ norm of the proposed RHGCC is
approximately 82.0% lower and 78.6% lower, respectively.
Thus, the proposed RHGCC demonstrates notable robustness
against disturbances compared to the conventional methods.

From the simulations, it is evident that the RHGCC
proposed in this study significantly mitigates the impact
of disturbances compared to other conventional control
methods, effectively preserving the desired position and
attitude under the presence of disturbances.

E. SIMULATION 4: EXPLORATION SCENARIOS WITH
COMPLEX DISTURBANCES
In this subsection, we compare the performance of each
controller by assuming a scenario where the quadrotor UAV
moves sequentially to given set points for exploration, with
disturbances applied at specific locations. In this scenario, the
quadrotor UAV takes off vertically to an altitude of 15 m from

FIGURE 13. Complex disturbance inputs.

FIGURE 14. Responses of each controller for position tracking when
disturbances in Fig. 13 are applied.

the starting point50 = [0, 0, 0]T m and then flies around the
entire building while maintaining 10 m from the outer wall
to explore the exterior of a U-shaped building whose outer
volume is 80 × 80 × 30 m, with an empty rectangular space
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FIGURE 15. Calculated H∞ norms from responses in Fig. 14 for each
controller.

FIGURE 16. Appearance of the building being explored in the scenario by
quadrotor UAV and the desired linear trajectory.

of 40× 70× 30m in the middle of one side (Fig. 16). Finally,
the quadrotor UAV lands at the starting point after exploring
the perimeter of the building. Throughout the entire process,
the quadrotor UAV sequentially reaches a total of 10 set-
points (5i, i ∈ {1, · · · , 10}), which are indicated in Fig. 17.
Disturbances (d1,j(t), j ∈ {1, · · · , 7}) are applied at a total of
7 points (5d

j , j ∈ {1, · · · , 7}), and Fig. 19 shows the locations
where each disturbance is applied. The disturbances applied
at each point are positional disturbances and are as follows:

• For 3 seconds at 5d
1 = [0, 20, 15]T :

d1,1(t) = [3 sin( 13 t − 117◦), 0, 2 sin( 13 t) − 270◦]T .
• For 0.5 seconds at 5d

2 = [0, 100, 15]T :
d1,2(t) = [−8δ(t), 0, 0]T .

• For 1 seconds at 5d
3 = [60, 100, 15]T :

d1,3(t) = [0, 6δ(t), 4δ(t)]T .
• For 4 seconds at 5d

4 = [100, 100, 15]T :
d1,4(t) = [3 sin( 14 t − 270◦), 3 sin( 14 t), 3 sin(

1
4 t)]

T .
• For 0.5 seconds at 5d

5 = [60, 40, 15]T :
d1,5(t) = [0, 0,−10δ(t)]T .

• For 2 seconds at 5d
6 = [40, 60, 15]T :

d1,6(t) = [sin( 12 t + 198◦) + 2, sin( 12 t + 28.6◦) +

1, sin( 14 t + 58.3◦) + 1]T .
• For 0.5 seconds at 5d

7 = [30, 0, 15]T :
d1,7(t) = [0,−3δ(t), 5δ(t)]T .

Here, δ(t) denotes the impulse function.
Fig. 18 depicts the responses by each controller against

the applied disturbances mentioned above. Throughout the
entire exploration, it can be seen that the proposed RHGCC
significantly minimizes the impact of disturbances compared

FIGURE 17. Set points given as input and the desired linear trajectory.

FIGURE 18. Responses of each controller for set point tracking when
disturbances are applied at specific locations.

FIGURE 19. Locations where disturbances are applied and responses of
each controller for set point tracking.

to the conventional PID and LQR controllers, enabling
the quadrotor UAV to preserve the linear trajectory better
while moving from the current set point to the desired
next set point. Specifically, Fig. 20 is an enlarged view of
certain section to qualitatively assess the effective disturbance
suppression performance of the proposed RHGCC, showing
the response of each controller when the disturbance d1,5(t)
was applied at 5d

5 . For disturbances in the z direction,
the controlled response by the proposed method deviated
by up to 0.17m from the desired value, whereas the
responses by the PID and LQR controllers deviated by up
to 1.39m and 0.86m from the desired position, respectively.
This indicates that the proposed RHGCC reduced tracking
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FIGURE 20. Enlarged view from Fig. 19 showing the responses of each
controller for set point tracking when d1,5(t) is applied.

errors by approximately 87.8% and 80.2% compared to
PID control and LQR, respectively. Therefore, the proposed
method demonstrates notable robustness against disturbances
compared to the conventional methods. Moreover, especially
through the simulation in this subsection, it can be confirmed
that the proposed RHGCC can significantly minimize the
impacts of disturbances and effectively maintain the desired
position and attitude, even under more complex scenarios
with various disturbances that require tracking set points and
preserving trajectory.

V. CONCLUSION
In this study, we proposed the RHGCC for set-point tracking
of the quadrotor UAV and a controller design method. The
design process involved modeling the quadrotor UAV with
a control system comprising an outer loop for position
control and an inner loop for attitude control. First, for the
closed-loop subsystems, performance analysis considering
the LQ cost and H∞ norm was provided in terms of matrix
inequalities. Then, the design method of the RHGCC for
position and attitude control was proposed based on LMIs
in the presence of model uncertainties and disturbances.
The convex optimization problem was formulated aiming to
minimize the LQ cost, guaranteeing the upper bound of H∞

norm. Through various simulations, it was illustrated that the
proposed RHGCC significantly mitigated the influence of
external disturbances while achieving a certain level of the
LQ cost, distinguishing itself from conventional PID control
and LQR. In future research, the design proposed in this
study will be applied to a practical quadrotor UAV, and its
performance will be validated through indoor and outdoor
experiments.
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